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Peridynamic theory provides an appropriate description of the deformation of a continuous
body involving discontinuities or other singularities, which cannot be described properly
by classical theory of solid mechanics. However, the operators in the peridynamic models
are nonlocal, so the resulting numerical methods generate dense or full stiffness matrices.
Gaussian types of direct solvers were traditionally used to solve these problems, which
requires OðN3Þ of operations and OðN2Þ of memory where N is the number of spatial nodes.
This imposes significant computational and memory challenge for a peridynamic model,
especially for problems in multiple space dimensions. A simplified model, which assumes
that the horizon of the material d ¼ OðN�1Þ, was proposed to reduce the computational cost
and memory requirement to OðNÞ. However, the drawback is that the corresponding error
estimate becomes one-order suboptimal. Furthermore, the assumption of d ¼ OðN�1Þ does
not seem to be physically reasonable since the horizon d represents a physical property of
the material that should not depend on computational mesh size.

We develop a fast Galerkin method for the (non-simplified) peridynamic model by
exploiting the structure of the stiffness matrix. The new method reduces the computational
work from OðN3Þ required by the traditional methods to OðNlog2NÞ and the memory
requirement from OðN2Þ to OðNÞ without using any lossy compression. The significant
computational and memory reduction of the fast method is better reflected in numerical
experiments. When solving a one-dimensional peridynamic model with 214 ¼ 16;384
unknowns, the traditional method consumed CPU time of 6 days and 11 h while the fast
method used only 3.3 s. In addition, on the same computer (with 128 GB memory), the
traditional method with a Gaussian elimination or conjugate gradient method ran out of
memory when solving the problem with 216 ¼ 131;072 unknowns. In contrast, the fast
method was able to solve the problem with 228 ¼ 268;435;456 unknowns using 3 days
and 11 h of CPU time. This shows the benefit of the significantly reduced memory require-
ment of the fast method.

� 2012 Elsevier Inc. All rights reserved.
1. Introduction

Classical theory of solid mechanics assumes that all internal forces act through zero distance, which leads to mathemat-
ical models described by partial differential equations. These models do not provide a proper description of problems with
spontaneous formation of discontinuities which conclude points with singularity. Peridynamic model was proposed as a
. All rights reserved.
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reformation of solid mechanics [11], which leads to a non-local framework that does not explicitly involve the notion of
deformation gradients.

Extensive research has been conducted on peridynamic theory [5–7,9–11,13,12,14–19]. In particular, finite element
methods have been developed for peridynamic models [3,7,10] with proved quasi-optimal order error estimates [5,19]. In
contrast to those for classical models for solid mechanics, the finite element methods for peridynamic models usually gen-
erate dense or full stiffness matrices which typically require OðN3Þ operations and OðN2Þ memory storage with N being the
number of unknowns. A simplified peridynamic model was proposed to reduce the computational cost and memory require-
ment of the finite element method, in which the horizon of the material d in the peridynamic model was assumed to be
d ¼ OðN�1Þ [3]. The advantage of the simplified model is that it reduced the computational cost and memory requirement
to OðNÞ, but at the cost of a reduced convergence rate of only first-order for linear finite element method.

In this paper we study a fast Galerkin method for the (non-simplified) peridynamic model by fully utilizing the structure
of the stiffness matrix, which reduces the computational cost from OðN3Þ to OðNlog2NÞ and memory requirement from OðN2Þ
to OðNÞ without using any lossy compression. In the context of a one-dimensional peridynamic model with 214 ¼ 16;384
unknowns, the traditional method consumed CPU time of 6 days and 11 h while the fast method used only 3.3 s. In addition,
on the same computer (with 128 GB memory), the traditional method with Gaussian elimination or conjugate gradient
method ran out of memory for the problem with 216 ¼ 131;072 unknowns. In contrast, the fast method solved the problem
with 228 ¼ 268;435;456 unknowns using 3 days and 11 h of CPU time. This shows the benefit of the significantly reduced
memory requirement of the fast method. The rest of the paper is organized as follows. In Section 2 we go over the finite ele-
ment method for the peridynamic model. In Section 3 we develop a fast method with an efficient matrix assembly and stor-
age. In Section 4 we conduct numerical experiments to investigate the computational benefits of the fast method.

2. A peridynamic model and its finite element discretization

We outline a Galerkin finite element method for a steady-state peridynamic model.

2.1. A peridynamic model and its Galerkin formulation

A linear steady-state peridynamic model for microelastic materials on a finite bar is given by the following pseudo-dif-
ferential equation [9,11]
R b

a
uðxÞ�uðyÞ
jy�xj dy ¼ bðxÞ; x 2 ða;bÞ;

uðaÞ ¼ ua; uðbÞ ¼ ub:

(
ð1Þ
Here bðxÞ and uðxÞ represent the prescribed forcing term and the displacement of the material, respectively.
Let Hjða; bÞ, with j > 1=2, be the fractional Sobolev space of order j and Hj

0 ða; bÞ be its subspace with trace 0 at the
boundary a and b. We multiply the governing equation in (1) by any function v 2 Hj

0 ða; bÞ and integrate the resulting equa-
tion on ða; bÞ to obtain the following Galerkin formulation: Seek u 2 Hjða; bÞ with uðaÞ ¼ ua and uðbÞ ¼ ub such that
aðu;vÞ ¼ lðvÞ; 8v 2 Hj
0 ða;bÞ;

aðu;vÞ :¼
Z b

a
vðxÞ

Z b

a

uðxÞ � uðyÞ
jy� xj dydx; lðvÞ :¼

Z b

a
bðxÞvðxÞdx: ð2Þ
It was proved that the bilinear form cð�; �Þ is coercive and bounded on some nonconventional Hilbert space [9,19]. The norm
equipped on this space is equivalent to the L2 norm in the two and three space dimensions. But the equivalence is not true in
the current case of one space dimension (see also Table 2 in Section 5).

By the symmetry of x and y the bilinear form aðu;vÞ can be rewritten as
aðu;vÞ ¼
Z b

a

Z b

a

vðxÞðuðxÞ � uðyÞÞ
jy� xj dydx ¼

Z b

a

Z b

a

vðyÞðuðyÞ � uðxÞÞ
jy� xj dydx; ð3Þ
which concludes that
Z b

a

Z b

a

vðxÞ uðxÞ � uðyÞð Þ � vðyÞ uðyÞ � uðxÞð Þ
jy� xj

� �
dydx ¼ 0: ð4Þ
The numerator of the integrand in (4) can be decomposed as
vðxÞðuðxÞ � uðyÞÞ � vðyÞðuðyÞ � uðxÞÞ ¼ vðxÞ ðuðxÞ � uðyÞÞ � ðuðyÞ � uðxÞÞ½ � � ðvðyÞ � vðxÞÞðuðyÞ � uðxÞÞ
¼ 2vðxÞðuðxÞ � uðyÞÞ � ðvðyÞ � vðxÞÞðuðyÞ � uðxÞÞ: ð5Þ
We incorporate (5) into (4) to derive an alternative expression for aðu;vÞ
aðu;vÞ ¼
Z b

a

Z b

a

ðuðyÞ � uðxÞÞðvðyÞ � vðxÞÞ
2jy� xj dydx; ð6Þ
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which shows the symmetry of aðu;vÞ.
2.2. A finite element discretization

A finite element method was developed in [3,10], in which a uniform spatial partition of ða; bÞ
xi :¼ aþ ih; 0 6 i 6 N; h :¼ b� a
N

ð7Þ
was assumed for a given positive integer N. Let Sh be the linear finite element space defined on ½a; b�with respect to the given
partition (7). Let f/jðxÞg

N
j¼0 be the standard ‘‘hat’’ basis functions for Sh. Let uh 2 Sh be the finite element approximation to the

true solution u of problem (1). Then uh can be expressed in terms of the hat functions f/jg
N
j¼0 as follows
uhðxÞ ¼
XN�1

j¼1

uj/jðxÞ þ uðaÞ/0ðxÞ þ uðbÞ/NðxÞ: ð8Þ
If we choose the test function vhðxÞ ¼ /iðxÞ for i ¼ 1; . . . ;N � 1, then the finite element formulation derived from the weak
formulation (2) is expressed as follows
XN�1

j¼1

að/i;/jÞuj ¼ lð/iÞ � að/i;/0ÞuðaÞ � að/i;/NÞuðbÞ; 1 6 i 6 N � 1: ð9Þ
Let u :¼ ½u1;u2; . . . ;uN�1�T ; f :¼ ½f1; f2; . . . ; fN�1�T , and A :¼ ½Ai;j�N�1
i;j¼1 with Ai;j and fi being defined by
Ai;j :¼ 1
h

að/i;/jÞ; 1 6 i 6 N � 1; 0 6 j 6 N;

fi :¼ 1
h

lð/iÞ � að/i;/0ÞuðaÞ � að/i;/NÞuðbÞð Þ:
ð10Þ
Then the finite element method (9) can be expressed in a matrix form
Au ¼ f : ð11Þ
2.3. An error estimate and its impact on computational complexity

The following error estimate was proved in [19] for the linear finite element method under the assumption that the true
solution u 2 H2ða; bÞ. For any 0 < e� 1, there exists a positive constant C ¼ CðeÞ which is independent of h such that
ku� uhkL2ða;bÞ 6 Ch2�ekukH2ða;bÞ: ð12Þ
The estimate looks similar to that for the finite element method for classical second-order differential equations in which the
stiffness matrix is a sparse matrix, which has OðNÞ nonzero entries. In the case of a finite bar, the coefficient matrix is tridi-
agonal, which can be inverted in OðNÞ operations. However, in the current peridynamic model for the finite bar, the displace-
ment uðxÞ at location x is determined by the value of u over the interval ða; bÞ. This yields a full coefficient matrix.

The combination of this observation with the estimate (12) shows that the finite element method to the peridynamic
model (1) can reach a quasi-optimal order convergence rate Oðh2�eÞ. But the coefficient matrix of the finite element method
of the peridynamic model is dense or full, the computational cost of inverting the stiffness matrix of the finite element meth-
od is OðN3Þ with a memory requirement of OðN2Þ. This represents a significant increase of computational cost and memory
requirement of the finite element method compared to its analogue for the classical models by partial differential equations.

A simplified peridynamic model was proposed to reduce its computational cost, by introducing a parameter d that de-
scribes the horizon of the material and further assuming d ¼ Mh with M being a fixed positive integer [3]. The benefit of this
assumption is that it significantly reduces the computational cost of the finite element method to OðM2NÞ and the memory
requirement to ðMNÞ. It is not clear how this simplification is asymptotically consistent with the physics, as the horizon of
the material is a physical property of the material of the finite bar and should be independent of the computational mesh size
h. This inconsistency is also reflected in the error estimate of the corresponding finite element method, which now reduced
to the following first-order estimate
ku� uhkL2ða;bÞ 6 ChkukH2ða;bÞ: ð13Þ
In this paper we develop a fast solution method with an efficient matrix assembly and memory requirement for the finite
element method for the full peridynamic model (1). The fast method results in a computational cost of OðNlog2NÞ and mem-
ory requirement of OðNÞ, while still retaining the full convergence rate of Oðh2�eÞ of the method.
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3. A fast solution method

We present a fast solution method to solve the linear system (11).

3.1. A second look at the conjugate gradient method

The conjugate gradient method for (11) is formulated as follows [1]: Let u0 be an initial guess, then compute r0 :¼ f � Au0

and d1 :¼ r0
for k ¼ 2;3; . . .

ck :¼ rT
k�1rk�1=rT

k�2rk�2

dk :¼ rk�1 þ ck dk�1

xk :¼ rT
k�1rk�1=dT

k Adk

uk :¼ uk�1 þxk dk

rk :¼ rk�1 �xkAdk

Check for convergence; continue if necessary
end
u :¼ uk
In the CG formulation, the evaluation of the matrix–vector multiplication Adk requires OðN2Þ computational work. Fur-
thermore, the evaluation and storage of the coefficient matrix A also requires OðN2Þ of computational work and memory
requirement. All other computations in the CG formulation require only OðNÞ computational work and OðNÞmemory. There-
fore, we need only to accelerate the matrix–vector multiplication Ad for any vector d and to store A efficiently.

3.2. Efficient evaluation and storage of the coefficient matrix

To develop a mechanism for the efficient evaluation and storage of the matrix A and fast matrix–vector multiplication Ad,
we carefully explore the structure of the stiffness matrix A. By the symmetry of the coefficient matrix, we need only evaluate
the upper triangular part of the matrix.

For j P iþ 2, the entries Ai;j of the matrix are given by
Ai;j ¼
1
h

Z xi

xi�1

x� xi�1

h

Z xj

xj�1

0� y�xj�1
h

y� x
dydx

 
þ
Z xi

xi�1

x� xi�1

h

Z xjþ1

xj

0� xjþ1�y
h

y� x
dydxþ

Z xiþ1

xi

xiþ1 � x
h

Z xj

xj�1

0� y�xj�1
h

y� x
dydx

þ
Z xiþ1

xi

xiþ1 � x
h

Z xjþ1

xj

0� xjþ1�y
h

y� x
dydx

!
; ð14Þ

¼ �
Z 1

0
t
Z 1

0

s
j� iþ s� t

dsdt �
Z 1

0
t
Z 1

0

s
j� iþ 2� s� t

dsdt �
Z 1

0
t
Z 1

0

s
j� i� 2þ sþ t

dsdt

�
Z 1

0
t
Z 1

0

s
j� i� sþ t

dsdt: ð15Þ
On the right-hand side of the second equal sign, t ¼ ðx� xi�1Þ=h in the first two integrals and t ¼ ðxiþ1 � xÞ=h in the last two
integrals. s ¼ ðy� xj�1Þ=h in the first and third integrals and s ¼ ðxjþ1 � yÞ=h in the second and fourth integrals.

We evaluate these integrals to obtain
Ai;iþ2 ¼ 18 ln 3� 88
3

ln 2 ð16Þ
and for j P iþ 3
Ai;j ¼ �
1
6
ðj� iÞ3 � 6ðj� iÞ2 þ 12ðj� iÞ � 8
� �

ln 1� 2
j� i

� �
þ 2

3
ðj� 2Þ3 � 3ðj� iÞ2 þ 3ðj� iÞ � 1
� �

ln 1� 1
j� i

� �

þ 2
3
ðj� 2Þ3 þ 3ðj� iÞ2 þ 3ðj� iÞ þ 1
� �

ln 1þ 1
j� i

� �

� 1
6
ðj� iÞ3 þ 6ðj� iÞ2 þ 12ðj� iÞ þ 8
� �

ln 1þ 2
j� i

� �
: ð17Þ
That is, the entries on each descending diagonal from left to right but the tridiagonals are constant. The entries on the trid-
iagonals are given by
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Ai;i ¼
ði� 1Þ3

3
ln 1þ 1

i� 1

� �
� ðiþ 1Þ3

3
ln 1� 1

iþ 1

� �
� 2i2

3
þ 2 ln i

3
þ ðN � i� 1Þ3

3
ln 1þ 1

N � i� 1

� �

� ðN � iþ 1Þ3

3
ln 1� 1

N � iþ 1

� �
� 2ðN � iÞ2

3
þ 2 lnðN � iÞ

3
� 8 ln 2

3
; 2 6 i 6 N � 2; ð18Þ
A1;1 ¼
ðN � 2Þ3

3
ln 1þ 1

N � 2

� �
� N3

3
ln 1� 1

N

� �
� 2ðN � 1Þ2

3
þ 2 lnðN � 1Þ

3
� 2

3
; ð19Þ
AN�1;N�1 ¼
ðN � 2Þ3

3
ln 1þ 1

N � 2

� �
� N3

3
ln 1� 1

N

� �
� 2ðN � 1Þ2

3
þ 2 lnðN � 1Þ

3
� 2

3
: ð20Þ
The super-diagonal entries are given by
Ai;iþ1 : ¼ 1
6
ðð�3i2 � 2iþ 1Þ ln 1þ 1

i

� �
þ 2ðN � iÞ2 � 2ðN � iÞ þ 2i2 þ 2iþ ð�2ðN � iÞ3 þ 3ðN � iÞ2Þ ln 1þ 1

N � 1� i

� �

þ ln i� 4þ lnðN � i� 1Þ þ 4 ln 2Þ þ 1þ 14 ln 2
3

� 9 ln 3
2

: ð21Þ
Thus, instead of evaluating and storing NðN � 1Þ=2 matrix entries, we need only evaluate and store 3N entries. Finally, the
coercivity of the bilinear form að�; �Þ implies the positive-definiteness of the coefficient matrix A. We emphasize that the stor-
age scheme actually stores the stiffness matrix Am exactly and is not a lossy compression.
3.3. A fast matrix–vector multiplication

It remains to develop a fast matrix–vector multiplication algorithm to evaluate Ad for any vector d. We notice that the
stiffness matrix A is a symmetric and positive-definite tridiagonal-plus-Toeplitz matrix, while it is known that a fast Toep-
litz-matrix–vector multiplication can be achieved. We therefore split the matrix A as follows:
A ¼ Atr þ Ao: ð22Þ
Here Atr consists of all the tridiagonal entries of A and zero elsewhere, and Ao ¼ ½Ao
i;j�

N�1
i;j¼1 contains all remaining nonzero en-

tries of A and is a symmetric Toeplitz matrix. We let qj�i denote the common entry in the ðj� iÞth descending diagonal of Ao

from left to right. Namely,
Ao
i;j ¼ qj�i; j P i: ð23Þ
Then the symmetric Toeplitz matrix Ao can be embedded into a 2N � 2N circulant matrix C as follows [2,8]
C :¼
Ao B

B Ao

 !
B :¼

0 qN�2 . . . q2 q1

qN�2 0 qN�2 . . . q2

..

.
qN�2 0 . .

. ..
.

q2
..
. . .

. . .
.

qN�2

q1 q2 . . . qN�2 0

0
BBBBBBBBBBB@

1
CCCCCCCCCCCA
: ð24Þ
The circulant matrix C has the following decomposition [4,8]
C ¼ F�1diagðFcÞF; ð25Þ
where c is the first column vector of C and F is the 2ðN � 1Þ � 2ðN � 1Þ discrete Fourier transform matrix. It is well known
that the matrix–vector multiplication Fw for w 2 R2N�2 can be carried out in Oð2N logð2NÞÞ ¼ OðN log NÞ operations via the
fast Fourier transform (FFT). Eq. (25) shows that Cw can be evaluated in OðN log NÞ operations. So (24) implies that Aod
can be evaluated in OðN log NÞ operations for any d 2 RN�1. On the other hand, since Atr is a symmetric tridiagonal matrix,
Atrd can be evaluated in OðN log NÞ operations. The combination of these results shows that Ad can be evaluated in
OðN log NÞ operations for any d 2 RN�1. So the conjugate gradient method can be evaluated in OðN log NÞ operations per
iteration! The numerical experiments in Section 4 indicate that the number of iterations is Oðlog NÞ, which suggests that

the overall computational cost of the fast conjugate gradient method is OðNlog2NÞ. Finally we point out that the fast
matrix–vector multiplication is computed exactly without using any lossy compression.
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4. Numerical experiments

We conduct numerical experiments to investigate the performance of the fast methods. In the numerical example runs,
the spatial domain ða; bÞ ¼ ð0;1Þ. A choice of uðxÞ ¼ x2ð1� xÞ2 corresponds to
bðxÞ ¼ 25
6

x4 � 25
3

x3 þ 9
2

x2 � 1
3

x� 1
12

: ð26Þ
We use Gaussian elimination, conjugate gradient (CG) method, and the fast conjugate gradient (FCG) method to solve the
system (11) to investigate the performance of these methods. We implement these methods in Matlab and run all the exper-
iments on a 128 GB computer. In Table 1 we present the L1; L2 and L1 errors of the numerical solutions solved by these
methods with gradually decreasing mesh size h from h ¼ 2�3 to h ¼ 2�11. We observe that all of the three methods generate
numerical solutions with the same accuracy. We use a linear regression to fit the convergence rates and the associated con-
stants in the estimates
kuh � ukLpða;bÞ 6 Mchc
; p ¼ 2;1: ð27Þ
We find that these methods have second-order convergence rates. Due to the effect of round-off errors and the already very
small truncation errors on the order of 10�8, the numerical solutions gradually lose the second-order convergence as the
mesh size h is further refined.

In Table 2 we present the CPU time consumed by all the three methods, and the number of iterations in the conjugate
gradient method and the fast conjugate gradient method for gradually reduced mesh size h. We drop the CPU times con-
sumed by these methods for the coarse mesh size h ¼ 2�3 to 2�7 since the corresponding CPU times are almost not detect-
able. In contrast, we run exhaustive numerical methods to solve the system (11) for as fine mesh size h as possible on the
same computer with 128 GB memory. We measure the CPU times consumed by the three methods at these very fine meshes
and the number of iterations needed by the conjugate gradient method and the fast conjugate gradient method. From the
accuracy point of view, these extremely fine mesh sizes are computationally unnecessary. The purpose of these exhaustive
Table 1
Convergence of the Gaussian elimination, the conjugate gradient (CG) method, and the fast conjugate gradient
(FCG) method.

h L2 L1

Gauss 2�3 2:5000� 10�3 3:5396� 10�3

2�4 6:8787� 10�4 9:4787� 10�4

2�5 1:7844� 10�4 2:4422� 10�4

2�6 4:5329� 10�5 6:1855� 10�5

2�7 1:1404� 10�5 1:5543� 10�5

2�8 2:8559� 10�6 3:8912� 10�6

2�9 7:1168� 10�7 9:7030� 10�7

2�10 1:7343� 10�7 2:3766� 10�7

2�11 3:5497� 10�8 5:0572� 10�8

CG 2�3 2:5000� 10�3 3:5396� 10�3

2�4 6:8787� 10�4 9:4787� 10�4

2�5 1:7844� 10�4 2:4422� 10�4

2�6 4:5329� 10�5 6:1855� 10�5

2�7 1:1404� 10�5 1:5543� 10�5

2�8 2:8559� 10�6 3:8912� 10�6

2�9 7:1168� 10�7 9:7030� 10�7

2�10 1:7343� 10�7 2:3766� 10�7

2�11 3:5497� 10�8 5:0572� 10�8

FCG 2�3 2:5000� 10�3 3:5396� 10�3

2�4 6:8787� 10�4 9:4787� 10�4

2�5 1:7844� 10�4 2:4422� 10�4

2�6 4:5329� 10�5 6:1855� 10�5

2�7 1:1404� 10�5 1:5543� 10�5

2�8 2:8559� 10�6 3:8912� 10�6

2�9 7:1168� 10�7 9:7030� 10�7

2�10 1:7343� 10�7 2:3766� 10�7

2�11 3:5497� 10�8 5:0572� 10�8

Mc 0.1792 0.2479

c 2.0034 2.0034



Table 2
The CPU consumed by Gaussian elimination, conjugate gradient (CG) method, and the fast conjugate gradient (FCG) method for different mesh sizes.

h Gauss CG FCG

CPU (s) Iterations CPU (s) Iterations CPU (s)

2�8 1.01 32 0.10 32 0.09

2�9 6.25 34 0.31 34 0.12

2�10 46.8 36 1.19 36 0.18

2�11 383 = 6 m 23 s 38 5.17 38 0.32

2�12 3852 = 1 h 4 m 40 33.09 40 0.69

2�13 40,123 = 11 h 9 m 43 137 = 2 m 17 s 43 1.50

2�14 558,190 = 6 days 11 h 46 9 m 50 s 46 3.30

2�15 We terminated test 49 2512 = 41 m 52 s 49 8.08

2�16 We terminated test 53 11,311 = 3 h 9 m 53 17.84

2�17 Out of memory N/A Out of memory 56 89 = 1 m 29 s

2�18 N/A N/A N/A 58 171 = 2 m 51 s

2�19 N/A N/A N/A 61 360 = 6 m

2�20 N/A N/A N/A 64 695 = 11 m 35 s

2�21 N/A N/A N/A 67 1282 = 21 m 22 s

2�22 N/A N/A N/A 70 2991 = 49 m 51 s

2�23 N/A N/A N/A 74 6409 = 1 h 47 m

2�24 N/A N/A N/A 78 11,339 = 3 h 9 m

2�25 N/A N/A N/A 81 22,024 = 6 h 7 m

2�26 N/A N/A N/A 85 60,039 = 16 h 41 m

2�27 N/A N/A N/A 89 142,040 = 1 day 15 h

2�28 N/A N/A N/A 92 302,740 = 3 days 11 h

0 5 10 15
0
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Fig. 1. Distribution of eigenvalues under N = 16. The smallest eigenvalue is 0.1514, and the largest one is 4.3504. The corresponding condition number is
28.7345.

7736 H. Wang, H. Tian / Journal of Computational Physics 231 (2012) 7730–7738
experiments is to investigate the savings of the CPU times and the memory requirement of the fast conjugate gradient meth-
od over Gaussian elimination which has been the solver used in the numerical methods for peridynamic models. In partic-
ular, these exhaustive experiments is crucial in the study of the convergence behavior of the fast conjugate gradient method
as the number of unknowns increases significantly. From these results we observe that with a fine mesh size h ¼ 2�14, i.e.,
16,384 nodes, Gaussian elimination consumed CPU of 6 days and 11 h. With the same size, conjugate gradient methods con-
sumed CPU of only 9 min and 50 s while the fast conjugate gradient method used only 3.3 s. We indeed ran numerical exper-
iments using the conventional Galerkin method with Gauss elimination on finer mesh size h but did not complete these runs
due to the significantly increased CPU time. We also observed that as we reduced the mesh size h to h ¼ 2�16, i.e., 65,536
nodes, conjugate gradient method consumed a CPU time of 3 h and 9 min, while the fast conjugate gradient method con-
sumed CPU time of only 18 s. Moreover, as we further reduced the mesh size h to h ¼ 2�17, both Gaussian elimination
and conjugate gradient method ran out of memory, while the fast conjugate gradient method solved the problem using
CPU time of 1 min and 29 s. We continued to refine the mesh size h all the way to h ¼ 2�28, i.e., 268,435,456 nodes, the fast
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Fig. 2. Distribution of eigenvalues under N = 32. The smallest eigenvalue is 0.0877, and the largest one is 5.5941. The corresponding condition number is
63.7868.
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Fig. 3. Distribution of eigenvalues under N = 64. The smallest eigenvalue is 0.05, and the largest one is 6.8389. The corresponding condition number is
136.7780.
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conjugate gradient method completed the simulation in 3 days and 11 h of CPU times. Moreover, the number of iterations
had been steadily increasing logarithmically with respect to N without any preconditioner or special treatment involved. The
fast method ran out of memory at h ¼ 2�29, i.e., 536,870,912 nodes.

From Table 2 we also observed that the number of iterations in the conjugate gradient method and the fast conjugate
gradient method increases logarithmically with respect to the number of unknowns. This implies that the stiffness matrix
is just weakly ill-conditioned, see Figs. 1–3. A regular conjugate gradient method has a computational cost of OðN2Þ per iter-
ation and for the evaluation of the coefficient matrix A, and so has an overall computational cost of OðN2 log NÞ. This repre-
sents one order less of computational work compared to Gaussian elimination and has been reflected in the CPU time
consumed. These show that for the numerical methods for peridynamic models, iterative methods are more efficient than
Gaussian elimination, even though the stiffness matrix is dense or full. The fast conjugate gradient method further reduces
the evaluation of the coefficient matrix to OðNÞ and the computational work to OðN log NÞ per iteration, which leads to an
overall computational work of OðNlog2NÞ since the number of iterations is Oðlog NÞ, as observed in Table 2.

In the numerical experiments the Gaussian elimination, the conjugate gradient squared method, and the fast conjugate
gradient squared method were all implemented using the Matlab subroutines without any fine tuning. A properly ‘‘tuned’’
implementation of Gaussian elimination method, e.g., a parallel version, might speed up its numerical performance signif-
icantly. The same is of course true for conjugate gradient squared method and the fast conjugate gradient squared method.
The corresponding comparison of the ‘‘fine tuned’’ versions of the methods is beyond the scope of this paper.
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5. Concluding remarks

Peridynamic theory provides an appropriate description of the deformation of a continuous body involving discontinu-
ities or other singularities, which cannot be described properly by classical theory of solid mechanics. However, peridynamic
models are nonlocal and so yield numerical schemes with dense or full coefficient matrices. Gaussian types of direct solvers
were traditionally used solve these problems, which requires OðN3Þ of operations and OðN2Þ of memory where N is the num-
ber of spatial nodes. This imposes significant computational and memory challenge for a peridynamic model, especially for
problems in multiple space dimensions.

In this paper we develop a fast linear Galerkin finite element method for the (non-simplified) peridynamic model. The
new method reduces the computational work from OðN3Þ required by the traditional methods to OðN log NÞ per iteration.
Numerical experiments show that the number of iterations increases logarithmically with N. Thus, this leads to an overall
computational cost of OðNlog2NÞ without any lossy compression used in the computations. Moreover, the fast method re-
duces the memory requirement from OðN2Þ to OðNÞ without any lossy compression used. Numerical experiments show
the utility of the fast method.

In this paper we focus on linear finite element approximation in the development for the simplicity of the expression and
implementation. In fact, the fast method can also be developed for high-order finite element methods. In this case, the coef-
ficient matrix still has a Toeplitz structure except that the number of diagonals in which the entries are not constant in-
creases as the degree of finite element approximations increases. See Figs.1–3.
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